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Abstract—In pulse-Doppler radar pulse burst waveform
optimization problem, the combination of pulse repetition
intervals can be substituted with the lexicographical index
(LI), thus simplifying the decision space without losing any
degree of freedom. This approach relies on an algorithm
that generates a combination from its LI. We benchmark
such an algorithm, ACM Algorithm 515 (A515), on a
modern computer. We estimate that A515 would negligibly
slow down the evolutionary algorithm previously used as a
solver, thus making a strong case for the LI decision
variable approach within the subject problem.

. INTRODUCTION

This paper is motivated by the real-world engineering
problem of optimizing the pulse burst waveform in pulse-
Doppler (PD) radar. One variant of the problem is the
multiple-PRF coherent interleaved pulse burst (MPCIPB)
waveform optimization described in [1]. Mathematical
model of the MPCIPB waveform optimization problem
has several decision variables, including the number of the
pulse repetition intervals (PRI), N, and the values of the
PRIs, PRI,,n =1,2,..,N. PRI values are chosen from
the same finite set, and the repetition of PRI values is not
allowed. The order of the PRI values does not matter.

In this type of optimization problem, the total length of
the decision variable vector is not constant, but depends
on one of the decision variables. Thus, solving the
problem using practical algorithms could be inconvenient.
In [1], the decision variable vector was simplified by
assuming that N is a constant, and by replacing the PRI

vector, PRI = (PRI,,PRI,, ...,PRIy), with two other
variables. The variables indirectly determine the PRI
vector using a scheme which provides appropriate ratios
between the PRIs. However, the scheme constraints the
possible choices of the PRI vector, relying on what is a
priori considered optimal. [1] also proposed a solution to
the MPCIPB waveform optimization problem, by means
of the multi-objective evolutionary algorithm, designated
as NSGA-IlI with Combining of solution sets using
Exhaustive Search (NSGA-II1+CES).

A class of optimization problems, that includes the
MPCIPB waveform optimization problem, was examined
in [2]. Using the observations from [2], we conclude that
the PRI vector is in fact a combination (also called
k-combination) of the elements from the set of all possible
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PRI values. Furthermore, [2] suggested that a combination
could be represented with a single integer variable — the
lexicographical index (LI) of the combination. Thus, a
single decision variable can substitute the whole PRI
vector, regardless of its length. The transformation
simplifies the mathematical model of the optimization
problem by making the decision variable vector length
constant, and reducing the decision space dimensionality.
Furthermore, the simplifications impose none a priori
constraints on the PRI set. Stated benefits justify a further
study of the subject.

To evaluate the objective and constraint functions in the
MPCIPB waveform optimization problem, the PRI vector
(i.e. the PRI combination) is required. Thus, if the PRI
combination is to be replaced with the corresponding LI
within the decision vector, a way to find the PRI
combination from its LI is needed.

The contribution of this paper is in assessing the
viability of the LI decision variable within the MPCIPB
waveform optimization problem. The assessment is based
on the estimated degradation of the NSGA-I1+CES solver
execution speed, caused by the incorporation of the
algorithm that generates a combination from its LI.

The rest of the paper is organized as follows. Research
questions are defined in the second section. The third
section describes the methodology used to answer the
research questions. The fourth section presents the
findings of the study, while the fifth section concludes the

paper.
Il.  RESEARCH QUESTIONS

We define three research questions:

e QL. The number of different combinations of k
elements from the set of m elements is given by
I(k) = (m choose k) = (7). The lexicographical
ordering of the combinations establishes a bijection
between each  combination and its LI,
j €ENN[L1(k)]. Is there an algorithm which
generates a combination of k elements from the set of
m elements based on the LI of the combination?

e Q2 In the context of the MPCIPB waveform
optimization problem, k equals to the number of the
PRIs, N, while m equals to the total number of
possible PRI values. What is the execution speed of
the algorithm from Q1 on a contemporary computer,
for various values of k and m?
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e Q3: Suppose that the mathematical model of the
MPCIPB waveform optimization problem is
transformed by substituting the PRI vector with the LI
of the combination of PRIs, while assuming that the
number of PRIs is constant, as in [1]. Assuming that
the algorithm from Q1 is used to generate the
combinations from lexicographical indices, what is
the estimated increase of the total time required to
find the solution using the NSGA-11+CES?

I1l.  METHODOLOGY

To answer Q1, we search for the algorithm which
generates the combination based on the lexicographical
index, within the existing literature. We create a small
library module containing the implementation of the
algorithm in C programming language.

To answer Q2, we create a C++ application for testing
the execution speed of the algorithm. We build the
application and the library using MinGW 5.3.0 32bit
C/C++ compiler. We test the algorithm for all
combinations of k € {2,3,4} and m € {25,50, ...,400},
which we deem relevant for the MPCIPB waveform
optimization problem. For each (m, k) pair, we measure
the times required to generate each of the I(k) = (7))

combinations  based on  their  corresponding
lexicographical indices. We perform the time
measurements using the Windows API

QueryPerformanceCounter  [3]. We follow the
recommendations from [3] regarding using a single thread
to measure time, and setting the thread to a single
processor core, by means of the Windows API
SetThreadAffinityMask. ~ We  perform  all  the
measurements on the contemporary computer with an

Intel Core i7-4700HQ processor clocked at 2.4 GHz,
under Windows 7 64 bit operating system.

To answer Q3, we calculate the total number of
occasions when the generation of the combination from its
LI is required, if NSGA-II+CES is used, and the PRI
vector is substituted with its LI. Based on that number and
the time measurements from the previous answer, we
estimate the absolute increase of the time required to
execute the NSGA-II+CES. Since [1] provided the time
which was required to execute the NSGA-II+CES on a
computer with an Intel Core i7-4700HQ processor, we
also estimate the relative increase of the execution time.
Based on the relative estimate, we discuss the viability of
the use of the LI as a decision variable, within the context
of the NSGA-11+CES.

IV. FINDINGS

A. Findings on the existence of the algorithm that
generates a combination from its lexicographical
index (Q1)

After examining the available literature, we find that the
ACM Algorithm 515 (A515) [4] fulfills the requirements
of Q1. However, to the best of our knowledge, the
implementation of the Ab15 is available only in
FORTRAN, within [4]. Thus, we rewrite the algorithm in
C, taking care of the difference in array indexing (1-based
in FORTRAN, 0-based in C). We also replace the flow
control code based on GO TO statements with structured
control statements. The C versions of the algorithm that
calculates the total number of combinations (used by
Ab515), and the A515 itself, are shown in Figure 1 and
Figure 2, respectively.

VAR

* @param m
* @param n
* @return (m choose n)
x/
int binom(int m, int n)
{

int p, i, nl;

long long r;

if(0 == p)
{
r=1
}
if(p >= 2)
{
for(i = 2; 1 <= p; i++)
{
r = (r * (nl + 1)) / 1i;
}
}
return (int)r;

}

* @brief binom calculates the number of combinations of m things taken n at a time

Figure 1. The algorithm for calculating the number of different combinations of n elements from the set of m elements (ACM algorithm 160),
translated to C.
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@param n number of things in the set
@param p number of things in each combination

EE I

x/
void ecomb (int n, int p, int 1,
{

w\'r* C)
int k, r, pl, i;

// initialize lower bound index at zero
k = 0;

// loop to select elements in ascending order

pl =p - 1;
for(i = 0; 1 < pl; i++)
{

c[i] = 0;
if(i !'=0)
{
cl[i] = cl[i - 117

}

do

{
cl[i] += 1;
r = binom(n - c[i], p - (i + 1));
k += r;

}

while(k < 1);

@brief comb finds the combination set of n things taken p at a time for a given lexicographical index

@param 1 lexicographical index of combination sought
* @param c output array containing the combination set

// NOTE: array indices are O-based in C in contrast to l-based in FORTRAN

// set lower bound element number for next element value

// loop to check validity of each element value

Figure 2. The algorithm that generates a combination from its lexicographical index (ACM algorithm 515), translated to C.

B. Findings on the speed of the algorithm that generates
a combination from its lexicographical index (Q2)

For each (m,k) pair, where k € {2,3,4} and m €
{25,50,75,100}, we record the measured execution time
of the A515 for all lexicographical indices, and the
average execution time, i.e. the arithmetic mean of the
execution times over the lexicographical indices. The
dependence of the Ab515 execution time on the
lexicographical index, for (m, k) = (75,3), is shown in
Figure 3. The results are similar for other (i, k) pairs.

As can be seen from Figure 3, the execution time
generally increases with lexicographical index, but there
are also deviations from this pattern, in the form of pulses
or bursts of execution times significantly longer than the
average. The effects of measurement quantization are also
visible, arising from the limited resolution of the Windows
performance counter, which is approximately 0.428 ps for
the system used here. To clarify whether the pulse
deviations are distributed randomly or deterministically
over the lexicographical indices, we repeat the
measurement for (m, k) = (75,3) several times, and
compare the results in Figure 4.

m=75k=3

Execution time
Average execution time

Combination generation time [us]
(2]
I

Q 1 2 3

4 5 6

Lexicographical index 4

Figure 3. Algorithm 515 execution times for (m, k) = (75,3).
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Figure 4. Execution times of 6 Algorithm 515 runs for (m, k) = (75,3), magnified view. Average execution times are shown with dashed lines.

It can be seen that the overly long executions appear on
different lexicographical indices over different runs. Thus,
we conclude that they are not related to particular
lexicographical indices, but are probably a consequence of
execution on the operating system with a preemptive task
scheduler. We try to alleviate the issue by moving the
thread to a less occupied processor core, and increasing
the thread priority. Unfortunately, significant reduction of
the measurement glitches is not observed. However, the
average execution times, shown with dashed lines in
Figure 4, are consistent over the different runs, with a
variation of less than 0.02 ps. Therefore, we choose the
average execution time as a statistic to compare the
execution speed over different (m, k) pairs. The results
are shown in Figure 5. It can be seen that the average
execution time increases with both k and m. The longest
execution time is approx. 3 us, for (m, k) = (400,4).

C. Findings on the impact of the algorithm that
generates a combination from its lexicographical
index on the speed of NSGA-I1+CES (Q3)

Within the NSGA-11+CES [1], Algorithm 515 would be
executed once per each individual (combination of PRISs)
in each generation of each run of the genetic algorithm.
For the same setup as in the test performed in [1], we
obtain a total of 1200000 executions. Assuming (m, k) =
(400,4), the estimated absolute increase of the
NSGA-I1+CES execution time is approx. 3.6 s. Since [1]
reported NSGA-11+CES execution time of approx. 150 s,
the estimated relative increase is 2.4 %, which is
negligible.

V. CONCLUSION

Based on the findings of this study, we strongly believe
that the use of the lexicographical index as a decision
variable is viable for the MPCIPB waveform optimization
problem, if NSGA-11+CES is used as a solver, and the
ACM algorithm 515 is used to find the PRI combinations
based on the lexicographical indices.

Application of the lexicographical index decision
variable approach and the ACM algorithm 515 within the
problem of the MPCIPB waveform optimization will be
the subject of future work.

However, the use of the lexicographical index decision
variable approach is not limited to the specific problem of
the MPCIPB waveform optimization. In fact, the
lexicographical index decision variable could be utilized
in any optimization problem where the set (or subset) of
the decision variables is a combination from the same
finite set of possible values.

Since, as noted in [5], there is a bijection between
multi-combinations of a set with cardinality of m, and
combinations of a set with cardinality of m+k—1, the
approach could be expanded to multi-combination case.

Thus, we believe that the findings and conclusions of
this study could be of interest not only to those readers
involved in PD radar pulse burst waveform optimization,
but also to the other readers within the field of
mathematical optimization.

269



(1]

[2

©w
|

N
o
|

b
W
|

o

Average combination generation time [us]
- oo™
I | |

400
375 350 325 300 275 250 225 200 175 150 125 100 75 50 25

m

Figure 5. Algorithm 515 average execution times for different (m, k) pairs.
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