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Abstract—For a long time, novel analytical models have 

been applied in modeling, prediction and monitoring of 

water losses and seepage in hydrotechnical objects (HO). 

Statistical models based on multiple linear regression 

(MLR) have been shown to be more or less successful for 

modeling processes in many domains, but have not been a 

common choice for modeling the above mentioned 

processes. The rapid improvement of sensor and data 

acquisition technologies enables the development of 

statistical models in basic and advanced MLR forms, such 

as hierarchical regression, stepwise regression (SWR), 

robust regression, and ridge regression. This paper presents 

a framework for the application of advanced statistical tools 

in modeling and evaluation of water losses and seepage in 

hydrotechnical objects, with the focus on stepwise 

regressions. The developed framework provides a platform 

for software generation of adequate regression models of 

seepage and water losses, considering both the number, and 
the type of regressors. 

I. INTRODUCTION 

The creation of mathematical models for water losses 
and seepage processes in hydraulic objects (HO) is of 
great importance concerning HO functionality and safety. 
In the last few decades analytical models, which describe 
the above mentioned processes, have been developed. The 
use of statistical models has not been significant although 
they are characterized by the simplicity of formulation, the 
speed of execution and the availability of any type of 
correlation between independent and response variables. 
To the best of our knowledge, statistical models in the 
multiple linear regression (MLR) form have not been the 
common approach for modeling water losses and seepage 
processes in HO.  

Based on the review of current literature we found that 
there are few studies in this domain of research. In the 
field of modeling water losses and seepage processes in 
HO, a number of models based on experimental methods 
with resulting analytical solutions have been shown to be 
more or less successful [1, 2]. In [1], an experimental 
method is used for modeling water losses in a hydraulic 
tunnel - an analytical model was established and the 
relationship between water losses and the main influences 
upon which they depend, such as: internal water pressure 
in the tunnel, groundwater pressure in the area above the 
tunnel and tunnel lining temperature. In [2], analytical 

solutions based on conformal mapping of the complex 
variable methods are derived for two-dimensional, steady 
seepage into an underwater circular tunnel. 

Models that are based on numerical methods, such as 
the finite element method, have been developed as well. In 
[3], an interlaced algorithm based on the finite element 
method was suggested to solve the coupled processes of 
non-steady seepage flow and non-linear deformation for a 
concrete-faced rockfill dam. In [4], stress-strain analysis, 
underground water flow  influence analysis and filtration 
analysis were performed for the hydrotechnical tunnel in 
the phase of excavation.  

Recently, numerical and statistical methods have been 
enriched with various heuristics from the artificial 
intelligence (AI) domain, creating hybrid models that 
combine their advantages. In [5], phreatic line detection, 
which is a major challenge in seepage problems, is 
accomplished with the use of Natural Element Method 
(NEM) and Genetic Algorithm (GA). 

Although AI models have high performance, 
mathematical models in MLR forms are still very useful. 
The problem of determining the appropriate number and 
type of regressors in MLR models is still present. This 
open question preoccupies many researchers. In light of 
the above, we posed the following research question: Is it 
possible, at a sufficiently high quality level to automate 
the procedure for selection of the number and type of 
regressors, which describe the water losses and seepage 
processes in HO such as dams, hydraulic tunnels, etc.? 

In general, the modern AI approach provides certain 
hybrid solutions for this problem. In [6], in the domain of 
structural behavior of concrete dams, authors have 
developed a method for model optimization in terms of 
model complexity and accuracy (regularization) [7], based 
on hybrid GA and MLR approach. 

In this paper, for the purpose of solving the problem of 
regularization in MLR model for seepage and water losses 
processes in HO, we focused on the enhanced statistical 
technique of stepwise regression, mainly due to the high 
execution speed it offers.  

II. THEORETICAL BACKGROUND 

The following sections provide a brief outline of the 
employed theoretical base for the statistical modeling of 
water losses and seepage in hydrotechnical objects. 
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A. Principal Component Analysis 

Besides data quantity, the number of variables and 
potential regressors also affects the complexity of the 
regression model and the required processing time for its 
generation. With this in mind, it is advisable to consider 
methods of reducing the potential complexity of the model 
using the technique of factor analysis, in the phase of data 
preprocessing. For this purpose, we utilized Principal 
Component Analysis (PCA). 

Principal Component Analysis is a statistical approach 
that is utilized to analyze inter-relationships among a large 
number of variables and to describe these variables in 
terms of their common underlying dimensions (factors). 
The goal is to condense the information contained in a 
number of original variables into a smaller set of 
dimensions (components) with a minimal loss of 
information [8]. 

PCA is concerned either with the covariances or 
correlations between a set of observed variables 

1 2, ,..., qx x x  that can be explained in terms of a smaller 

number of unobservable latent variables or common 

factors, 
1 2, ,..., kf f f , where k q . In mathematical terms, 

the factor analysis model is expressed in (1): 
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where ij  are the q k  factor loadings, and 
iu  are the 

residual terms, also known as specific variates [9]. The 
correlation matrix R  (2) gives the inter-correlations 
among the set of variables, which is the basis for 
dimension reduction: 
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The elements of the correlation matrix, ij jir r , 

represent Pearson's linear correlation coefficients, and the 
sum of the elements on the main diagonal is equal to the 
sum of eigenvalues and thus to the number of predictors. 
The eigenvalues of the correlation matrix, 

i , also 

represent the variance of the principal components, and 
they are the roots of the R  matrix characteristic 
polynomial given by (3), where I is the identity matrix. 

 det( ) ( )k   R I  (3) 

The correlation matrix R , can be transformed 
according to (4): 
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where P is the matrix whose columns are eigenvectors of 
matrix R , and D  is the diagonal form matrix of R . 
Matrix D keeps the variability of the original matrix R , 

now expressed through eigenvalues 
1 2, , ... p   . In order 

to simplify the system, only some of the principal 
components, which correspond to the chosen number of 

first k  largest eigenvalues, 
1 2, , ..., k   , are kept without 

significant loss of variance of the original dataset.  

PCA in detail is given by [9, 10]. 

B. Multiple Linear Regression 

Linear regression models that comprise of more than 
one predictor variable are multiple linear regression 
models - MLR. The general form of an MLR, can be 
written as follows in (5) [6]: 

 
0 1 1 2 2 ... ...i i i j ji iy x x x              (5) 

where iy  is a response variable, jix  are the predictor 

variables ( 1,2,...,j k ), k  the number of significant 

predictors, the index i  shows the sample number, and i  

are the independent and normally distributed random 

variables that have a mean of zero and a variance 
2 . In 

the majority of the applications of linear regression 
models, the functional forms of the predictors (basis 
functions) are not clear in advance and are dependent on 
the nature of the modeled phenomenon [6]. Coefficients, 

0 ...,
k  are the unknown parameters of the model, which 

are estimated for a given set of data using the least squares 
method, which minimizes the sum of squared errors 
( SSE ) in (6):  

 2 2
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by taking the derivatives of SSE  with respect to the b’s 
and setting them equal to zero. In (5), the b’s are the 
estimated values of the model parameters. 

C. Stepwise Regression 

Stepwise regression is essentially based on semipartial 
correlation, which is expressed through the semipartial 
correlation coefficient ( sr ) and the square of this 

coefficient ( 2sr ). Semipartial correlation expresses 

changes in 2R  for one variable in one regression model 
transformation (it shows how much does each single 
variable uniquely contribute to the coefficient of 

determination 2R ). Or, in other words, the square of the 
semipartial correlation coefficient, for a specific single 

variable, indicates by how much will the 2R value be 
reduced if this single variable is removed from the 
regression equation. 
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Let   be the set of all independent variables X , and 

k be the set of all independent variables X  except for 

kx . Then the squared semipartial correlation coefficient is 

expressed as follows in (7):  

 2 2 2

kksr R R    (7) 

Therefore, in order to obtain the unique contribution of 
predictor 

kx to the coefficient of determination of the 

regression model, 2R , it is first necessary to regress the 
dependent variable y  , based on all independent variables 

(  ), and then regress the dependent variable y  on the 

basis of all variables except 
kx (

k ). The difference in 

obtained 2R  values, represents squared semipartial 
correlation coefficients. The meaning of semipartial 
correlation coefficient can be expressed in different ways. 
One way is through the Ballantine chart in Fig. 1: 

 
Figure 1.  Ballantine chart – squared semi partial correlation coefficient 

(semipartial correlation) 

In this chart the variance of each variable is represented 
by a circle of unit area (each variable is standardized to 
have its mean equal to 0 and its standard deviation equal 
to 1). Each overlapping area of two circles represents the 

square of their mutual correlation (e.g., 2

12C F r  ). The 

total area for variable Y , which is formed by circles 
1X  

and 
2X , represents the portion of total variance for 

variable Y  which is caused by variables 
1X  and 

2X ( 2

12Yr ). Areas B  and D  represent unique contributions 

of variables 
1X  and 

2X  to the variance of variable Y . 

Unique areas ( B , D ) correspond to the squared 

semipartial correlation coefficients ( 2 2

1 2,B sr D sr  ) and 

represents the portion of variable Y variance, that is the 
amount for which the squared value of multiple 
correlation increases when one of the variables, 

1X  or 

2X , is added to the pool of other independent variables. 

Form of expressing semipartial correlation coefficients 
may vary, and one of the most common forms is (8): 

 

21k

k

t R
sr

residualDF

 
  (8) 

where 
kt  is Student’s t-statistic value for the k -th 

regressor in the MLR model, 1residualDF N K   , is 
the number of degrees of freedom for the sum of residuals, 

N is number of measurements, and K  is the number of 
regressors. 

Stepwise regression is explained in detail in [11, 12]. 

III. MODELING METHODOLOGY 

Development of statistical mathematical models of 

real objects and systems is a very demanding research 

and engineering activity that involves the use of subtle 

mathematical apparatus and making of a large number of 

decisions based on both the theoretical knowledge as well 
as empirical an evidence. Although it is impossible to 

develop turnkey solutions, it is possible to define critical 

steps, and an indicative algorithm to generate adequate 

regression models. 

A. Proposed algorithm 

For the realization of statistical modeling of water 
losses and seepage in hydrotechnical objects algorithm the 
given in Fig. 2 is proposed. Key features of the proposed 
algorithm are described in the following sections. 

 
Figure 2.  Algorithm for statistical modeling of water losses and 

seepage in hydrotechnical objects 

B. Acquisition of domain knowledge 

The initial phase in model creation is certainly 

acquisition of knowledge from the domain of hydraulics, 

fluid mechanics, stress and deformation, and also the 
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domains of applied statistics and computer science. This 

refers to the theoretical knowledge and laws, and also the 

experience of researchers and the results achieved in 

previous periods. Without well-grounded theoretical 

platform software tools can easily miss the target. 

C. Handling missing data and outliers 

Regression models are very sensitive to the occurrence 
of outliers, and the occurrence of missing data, so the 
process of anomaly detection in the data, or among the 
predictors, is of crucial importance.  

For dealing with missing data, different strategies can 
be applied: linear interpolation, spline interpolation, 
regression interpolation, replacing missing data with mean 
values, moving averages, etc.  

The problem of outlier detection and dealing with 
outliers is far more complex. For this purpose we 
recommend the use of the following packages developed 
in the R programming language environment [13]: 

• zoo – provides various methods for replacing data, 
including cubic spline interpolation, linear missing 
interpolation, etc. 

• tsoutliers – provides time series analysis and outlier 
detection methods based on an iterative outlier 
detection and adjustment procedure that obtains 
joint estimates of model parameters and outlier 
effects [14]. Five types of outliers are considered: 
innovational outliers, additive outliers, level shifts, 
temporary changes and seasonal level shifts.  

• forecast – provides methods and tools for analyzing 
univariate time series. 

• AnomalyDetection – provides time series outlier 
detection on the basis of the Seasonal Hybrid 
extreme studentized deviate (ESD) algorithm, based 
on [15]. 

An example of outlier detection for time series of water 
losses in a hydrotechnical object, is given in Fig. 3: 

 

Figure 3.  Potential outliers detected with the use of R package 

tsoutliers 

Using the tsoutliers package tso function, four outliers 
were detected (red points). The plot also displays outlier 
effects, the original and suggested adjusted time series 
(red, grey, and blue, respectively). 

D. Preparation for modeling and modeling 

 Generating high quality models involves proper 
selection of predictors and the dependent variable and the 
ranges of their values (Fig. 2 - step 3.1). In other words, 
the success of the methodology depends upon defining the 
multidimensional space (hyperspace), in which the model 
should be created. Correlation analysis (Fig. 2 - step 3.2) 

is of great importance in this matter, because it provides a 
strong foundation for the proper selection of input and 
output variables, and their regressors. Regression models 
are very sensitive to multicollinearity and singularity, so 
the steps 3.2 and 3.3 are necessary to avoid the pitfalls of 
model overfitting (models with high accuracy, but small 
ability of generalization). 

Furthermore, this complex issue can be supported by 
elements of descriptive statistics and probability 
distribution laws of physical values upon which water 
losses and seepage depend (Fig. 2 - step 3.a). Since the 
largest number of variables are dependent on a function of 
time, it is useful to use the tools for time series analysis 
(Fig. 2 - step 3.b). In this way, trends, cyclical and 
seasonal changes, can be observed, which should facilitate 
the modeling process.  

It is also useful to support the correlation analysis with 
the paradigms of dimension reduction. In this context, the 
technique of factor analysis, Principal component 
analysis, is very effective (Fig. 2 – step 3.c). Its results 
provide an overview of supporting, influential factors that 
underlie the processes.  

Often the methodological steps in the third stage (Fig. 2 
– steps: 3.1, 3.2, 3.2, 3.a, 3.b, 3.c) are implemented in 
several iterative steps. 

E. Iterative generation and selection of models 

As previously mentioned, a key issue in creating a 
model in the form of multiple regression is the selection of 
appropriate regressors, considering both the number and 
type of these regressors. To solve this problem, according 
to the proposed methodology, the techniques engaged 
were Stepwise regressions. These techniques in Fig. 2 - 
step 4.1, based on partial correlation coefficients, perform 
automated entering and removing of regressors, thus 
creating optimal regression models. At this stage, we 
defined the following critical steps: 

• Generating a regression model using stepwise 
regression algorithm in multiple variants that are 
associated with different criteria of exclusion or 
inclusion of regressors from or in the regression 
model during the iterative procedure (stepwise, 
forward, backward, best subsets). 

• Analysis of the resulting, reduced number of 
regressors. 

• Analysis of regressor importance. To the extent that 
a predictor is important in the model, leaving it out 
of the model should produce a substantial increase 
in the residual sum of squares; to the extent that a 
predictor is not important in the model, leaving it 
out of the model should produce a minor increase 
inthe residual sum of squares. A series of models is 
computed excluding each predictor in each 
successive model, record the sum of squares 
associated with the residuals for each model, adds 
1/p to each residual where p is the total number of 
predictors, and then determines the ratio of each 
subtotal to the grand total (these ratios will sum to 
1.00) [16]. 

• Selection of an acceptable model from the obtained 
variants. Choice is based on criteria of: accuracy 

(adjusted 
2R , root mean squared error, etc.), 

complexity, and the type of candidate regressors 
(Akaike information criterion, F-statistics, etc.)  
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• Testing the model by the forward stepwise algorithm 
to verify and to avoid multicollinearity. 

• The final selection of the model within a session – 
choosing a model that meets the criteria of 
regularization and non multicollinearity - Variance 
Inflation Factor (VIF) and Tolerance [17]. Tolerance 
is an indicator of how much of the variability of the 
specified independent variable is not explained by 
the other independent variables in the model, and is 
calculated for each variable using the formula (9): 

 21tolerance R   (9) 

where 2R  is the coefficient of determination. If this 
value is very small (less than .10) it indicates that 
the multiple correlation with other variables is high, 
suggesting the possibility of multicollinearity. VIF is 
the inverse of tolerance. VIF values above 10 
indicate multicollinearity. 

The quality of obtained models is measured by the 
adopted criteria such as: adjusted coefficient of 
determination, root mean squared error for the test dataset 
and the training dataset, Pearson product-moment 
correlation coefficient of modeled and measured values, 
and other criteria.  

Detailed performance indicators of generated models 
such as confidence intervals for predicted mean values, 
significance and confidence intervals of regressors, and 
other indicators of interest, are produced by the tools of 
regression analysis (Fig. 2 – step 4.2).  

Based on the above-mentioned criteria and the results 
of regression analysis, as well as model complexity 
analysis, in step Fig. 2 – step 4.3, the appropriate selection 
of MLR models for water losses and seepage is being 
made. 

IV. CONCLUSION 

Modern technology, sensors and measuring equipment, 
enable the collection of vast amounts of data on HO and 
processes that are the subject of modeling. The increase in 
the volume of information expands the knowledge about 
the observed object and allows the creation of advanced 
MLR models such as: hierarchical regression, stepwise 
multiple regression, robust regression, and partial least 
squares regression. 

The problem of determining the appropriate number 
and type of regressors in a MLR model, in the domain of 
modeling water losses and seepage in HO, was addressed 
in this paper. Solutions offered so far, represent an attempt 
to balance between the fitting ability of regression models, 
and the ability of generalization (Occam's razor). 

In order to contribute to solving the defined problem, 
the authors have created a methodology focused on 
stepwise regression, which is also supported with PCA 
(Principal Component Analysis), times series outliers 
detection, as well as correlation and regression analysis. 

The methodology presented in this paper, allows the 
creation the reference MLR model for summary water 
losses and seepage in HO, with high performance and 
reliability.  
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