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Abstract. In this paper, we will present novel general model for the irradiance
FSO fluctuations, based on the Chi-square distribution. The error performance of
the Free Space Optical (FSO) system modulated with On-Off keying (OOK)
scheme both in the presence of atmospheric turbulence and misalignment fading
(i.e. pointing error) will be investigated. For both cases, the expressions for the
Average Bit Error Rate (ABER) will be determined in analytically closed form
and discussed in function of average optical power at the transmission. The re-
sults will be graphically presented in order to determine impact of relevant pa-
rameters on the quality of the received signal in the OOK modulated FSO system.

Keywords: Free Space Optics (FSO). Turbulence. Pointing error, ABER (Av-
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1 Introduction

Free Space Optical (FSO) represent Line-of-Sight (LOS) optical transmission tech-
niques that are used to establish communication over distances up to several kilometers
through the atmosphere offering high bandwidth capacity. They provide higher level of
security and they are more resistant to interference then radiofrequency (RF) systems.
Such links are suitable for a bandwidth of several Gb/s. FSO systems are very vulner-
able to atmospheric conditions. Since signal propagation is done in free space, it is
affected by atmospheric turbulence and pointing errors, which deteriorate the system
performance.

One of the main issues in the performance analysis of Free-Space Optical (FSO)
communication is the introduction of an analytically tractable Probability Density
Function (PDF) model for the random amplitude fluctuation of the signal due to atmos-
pheric turbulence. Various FSO channel models have been proposed in the literature to
model the impact of different turbulence levels, such as the Lognormal-Rician model
[1], K-model [2], I-K model [3], Gamma-Gamma model [4], Malaga model [5], dual
Weibull model [6], and dual generalized Gamma model [4]. All of these models provide



results that match measurements for a wide range of turbulence conditions, as they con-
sider the effects of large-scale and small-scale scintillations caused by vortex turbu-
lence. In [7], [8], the Longnormal-Rician distribution was shown to align with simula-
tion data based on experimental measurements. However, in [8], the expressions for the
PDF and CDF of the Lognormal-Rician model are approximated due to their inability
to be analytically expressed in closed forms. Rician (Chi-square) model has been pre-
sented in [9]-[14] as a highly efficient model for modeling a broad spectrum of vortex
turbulence (eddy effect). In line with the aforementioned, an analytical Gamma-Chi-
square (Gamma-Rician) PDF composite model has been proposed, which combines the
Gamma model and Chi-square (Rician) model. Based on the analyzed results from [8],
[91, [15], [16], [17], it is concluded that the Gamma model is reliable for analyzing
small-scale scintillations under the influence of vortex turbulence, while the Chi-square
(Rician) model is efficient in describing the effects of large-scale scintillations caused
by vortex turbulence. Furthermore, this PDF model is generalized to account for the
performance degradation effects due to induced fading mismatch by introducing an er-
ror model of misalignment into the obtained Gamma-Chi-square distribution, similar
to [18]-[21]. In order to perform a comprehensive performance analysis of FSO com-
munication using On-Off Keying (OOK) modulation format for the introduced channel
model, we will consider the average bit error rate (ABER) values and analyze them as
functions of the parameters of the transmit power system. For both cases, in the pres-
ence of atmospheric turbulence with and without pointing errors, the ABER expressions
at the receiver side will be presented in an analytically closed form. The analytically
obtained results will be verified with the results obtained from Monte Carlo simula-
tions.

2 Atmosphere turbulence model

We have already mentioned the well-known approach in scintillation theory [15], where
the received optical wave radiation intensity is obtained as the product of radiation in-
tensities occurring in the channel due to the effects of large-scale and small-scale scin-
tillations, i.e. I, = I.J,, assuming that I and , are statistically independent random pro-
cesses. Generally, wireless optical signal is affected by refractive index variation, which
leads to the interaction between the optical signal and vortex turbulence, resulting in
phase and amplitude fluctuations of the received signal [5], [15], [22]. In line with the
theory, we assume that both small-scale and large-scale fluctuations act simultaneously
in the Gamma-Chi-square channel. The Chi-square model of the amplitude distribution
of the optical signal is given by the following expression [9], [23]:
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Where I, represents the amplitude of the optical signal, parameter K defines the power
ratio between the line-of-sight (LOS) component and the scattered radiation component
[9], Q. denotes the total received signal power, and I, (*) is the modified Bessel function
of the first kind of order v [24, Eq.8.431].

In this section, we will focus on modeling the effects of small-scale scintillations caused
by vortex turbulence, /y, by modeling this random process using the probability density
function of turbulence proposed in [32]:
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where parameter f represents the turbulence intensity in the channel, parameter g,
2=2bo(1-p), represents the total power of scattered signal components, parameter by
represents the average power of scattered signal components, and parameter p, (0 <p <
1), represents the power of scattered signal components coupled with the LOS (Line-
of-sight) signal component. Parameter Q', Q' = Q + 2bop + 2V2bopQ cos(¢pa-@s), rep-
resents the average power of the optical signal, where parameter Q represents the con-
tribution of the average power of the LOS signal component, and ¢a and @g represent
the deterministic phases of the LOS signal component and the component of the signal
coupled with the LOS component.

Using the relation I, = Iy, the PDF for the atmospheric turbulence model can be ob-
tained as:
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by substituting equations (1) and (2) into equation (3) and representing the modified
Bessel function of the first kind Iv (*) in equation (1) as an infinite series [24, Eq.8.445],
and using the solution of the resulting integral given in [24, Eq.3.478.4], we obtain a
closed-form expression for the PDF model of the Gamma-Chi-square distribution in
the form [27]:

Ptq e pEEL .
=3 2 21+K) 2 "KM g 2 'Bﬂ(Q)q(ﬁ)q[quTpK 2 (1+K)1
fi, (1) = > 2, o S L Kaen | BT
P T(p)pla)' Qp 2 (2B+QY)
4

where Ku(*) represents the modified Bessel function of the second kind of order v [24,
Eq.8.432].



This result represents a significant contribution because such a distribution model of
turbulence in the channel has not been considered in the literature before, and it repre-
sents a general model that can be reduced to previously known distribution models by
setting appropriate parameter values. Figures 1, and 2 represent the PDF values of the
signal intensity transmitted through the shaded Chi-square model of the optical channel
observed for different system parameter values.

Fig. 1. PDF for the shadowed Chi-square model of the optical channel observed for different
cases of coupling between the scattered components and the LOS component of the signal.



Fig. 2. PDF for the shadowed Chi-square model of the optical channel observed for different
cases of varying signal intensities.

3 Pointing error model

In addition to atmospheric turbulence, positioning error is another factor that can
affect signal attenuation in FSO systems, specifically due to misalignment between the
transmitting laser and the receiving detector. The Non-zero Boresight model PDF of
the optical signal describes the positioning error, which is considered to include the
radius of the optical beam at a certain distance from the transmitter, the radius of the
circular detector aperture, and the variance of misalignment. It is presented in the form
[8], [20], [25], [26]:
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parameter 4o = erf(v)? represents the maximum fraction of directed power, where erf(*)
is the error function [24, Eq.8.250], parameter v = \/(n a/(\/2 wr)) and a represents the
radius of the circular detector aperture, while wy is the radius of the optical beam at
distance L from the transmitter. Parameter & = wree/(205) represents the ratio of the
equivalent beam radius at the receiver wieq and the standard deviation of the receiver's
jitter o, where w2Leq = w2 V(1 erf(v)/[2v exp(-v? )].



Using the same procedure as in [ 18], and using the relation 7 = LI, for this positioning
error model, the new PDF can be obtained based on:
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By substituting equations (4) and (5) into equation (6) and expressing the modified
Bessel function of the second kind Ku(*) through the Meijer G function as in [24,
Eq.9.34.3], and using the solution of the resulting integral given in [28,
Eq.07.34.21.0082.01], we obtain the expression for the PDF of the Gamma-Chi-square
model with positioning error in the form [27]:
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The result (7) also represents a significant contribution of the paper as it presents a
general model for the distribution of the optical channel amplitude in the presence of
turbulence and positioning effects.

4 Performance analysis

The average bit error rate (ABER) as a function of SNR for an optical signal transmitted
through an FSO system with OOK modulation scheme can be calculated based on [29],
[30]:

where f,(y) represents the PDF for the current SNR of the received signal.

By substituting equations (4) into equation (8), and then representing erfc() using the
Meijer G function as in [31, Eq.06.27.26.0003.01], and the modified Bessel function of
the second kind Kv-(*) through the Meijer G function as in [24, Eq.9.34.3], we obtain
the ABER expression for atmospheric turbulence Gamma-Chi-square channel model
as a function of average optical power transmission Pr, in the following form:
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represents Fox H function.

5 Numerical results

For the numerical calculation, the FSO system was observed at the wavelength A = 1550
nm and at the distance between transmitter and receiver L = 1 km. Three types of at-
mospheric turbulence were considered: weak, moderate and strong, with indexes of
reflection C,2 = 6:107° m2?, Cy? = 2:10"* m?? and C,? = 1.2°10""* m?3, respectively.
Total received signal power is Qp =1, while detector responsivity R =1 A/W and noise
variance is on = 10”7 A/Hz. The radius of a circular detector aperture a = 0.05 m, optical
beam radius at distance L from transmitter wi, = 0.5 m, pointing error displacement
standard deviation (jitter) at the receiver 6; = 0.2 m are considered.

In Figs. 3 and 4 is shown the ABER behavior of the FSO channel modeled with the
Shadowed Chi-square/Chi-square distribution, as a function of average electrical SNR
in the case of atmospheric turbulence and a pointing error model, respectively.
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Fig. 3. ABER for the Shadowed Chi-square/Chi-square FSO channel model
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Fig. 4. ABER for the Shadowed Chi-square/Chi-square Boresight pointing error channel model.

6 Conclusion

In conclusion, this paper presents a novel general model for the irradiance fluctua-
tions in Free Space Optical (FSO) systems based on the Chi-square distribution. The
error performance of an FSO system modulated with On-Off Keying (OOK) scheme is
investigated considering both atmospheric turbulence and misalignment fading (point-
ing error). The Average Bit Error Rate (ABER) expressions are derived in analytically
closed form and analyzed in terms of the average optical power at the transmission. The
graphical results demonstrate the impact of relevant parameters on the quality of the
received signal in the OOK modulated FSO system. This research contributes to a better
understanding of the effects of atmospheric turbulence and misalignment on FSO com-
munication systems, enabling improved system design and performance optimization.
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