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Abstract — Fuzzy XQuery is the extension of standard 
XQuery language that allows fuzzy values in the query 
condition statements. Relational operators are not only 
required and possible in crisp value cases but also for fuzzy 
values. When relational operators are included in the query, 
it is necessary to provide means for comparison between 
fuzzy sets.  These fuzzy relational operators are typically used 
in two fuzzy sets comparison case, but can also be used with 
some aggregate functions like MIN, MAX, and SUM. The aim 
of this paper is to present the algorithms for the 
implementation of fuzzy relational operators. Our algorithms 
compare the horizontal positions of two fuzzy sets and 
calculate the ordering value based on partial fuzzy ordering 
proposed by Bodenhofer. Moreover, we developed a GUI 
application and evaluated our approach with 360 fuzzy 
ordering cases. The experimental results show that our 
algorithms are capable of calculating fuzzy ordering values 
with various types of fuzzy values correctly. 

I. INTRODUCTION 
Recently, fuzzy extensions are proposed to handle 

vague, ambiguous, uncertain, imprecise or incomplete 
information. Campi et al. [1] introduced fuzzy extensions 
to XPath named FuzzyXPath that used to query XML data 
based on the fuzzy set theory. Fredrick and Radhamani [2] 
introduced fuzzy XQuery to retrieve data from native XML 
database. Skrbic et al. [3] introduced PFSQL (Prioritized 
Fuzzy Structured Query Language), which is an extension 
of SQL (Structured Query Language). PFSQL uses the 
prioritized fuzzy logic to retrieve data from a fuzzy 
relational database. In 2012, Ueng and Skrbic [4] proposed 
fuzzy extensions to standard XQuery. Their query system 
retrieves data from native XML database based on 
prioritized fuzzy logic. In 2014, they implemented an 
interpreter for fuzzy XQuery in their project called FXI 
(Fuzzy XQuery Interpreter). Users can query data with 
priority and threshold keywords in the condition statement 
and define fuzzy values used as search conditions in the 
query. 

Including fuzzy relational operators in FXI is a very 
promising idea. In this way, fuzzy XQuery queries would 
be able to provide flexible comparisons between fuzzy sets 
that represent vague data. Relational operators on fuzzy sets 
are binary operators, which are able to compare two fuzzy 
sets: <, ≤, ≥ and >. Furthermore, fuzzy relational 
operators can be used with some aggregate functions like 
MIN, MAX, and SUM. In this paper, we propose a method 
to calculate fuzzy relational operations between two fuzzy 

sets and give its implementation. The proposed method is 
general and may be used with different types of problems. 
For example, it can be applied to fuzzy XQuery or PFSQL. 

This paper is organized as follows. In the next section, 
we introduce algorithms for fuzzy relational operator 
calculations.  Our implementation and testing results are 
presented in Sections 3 and 4, respectively. Section 5 is the 
conclusion. 

II. FUZZY ORDERING CALCULATIONS

A. Membership functions 
There are five different types of fuzzy membership 

functions used in [4]: triangle fuzzy number, trapezoidal 
fuzzy number, interval, fuzzy shoulder and crisp value. 
Figure 1 shows the shape of a fuzzy triangle membership 
function. 

𝜇𝐴(𝑥) =

{

 

 
0, ∀𝑥,𝑥 ≤ 𝑎 ∧ 𝑥 ≥ 𝑏

𝑥−𝑎
𝑚−𝑎

, ∀𝑥 ∈ (𝑎,𝑚]

𝑏 −𝑥
𝑏−𝑚

, ∀𝑥 ∈ (𝑚,𝑏)

Figure 1 Fuzzy triangle number and its membership function 

Definition 1 A fuzzy set A over universe X is determined 
by its characteristic (membership) function [5], 

𝜇𝐴: 𝑥 → [0, 1], 

where, for every 𝑥 ∈ 𝑋, 𝜇𝐴(𝑥) is interpreted as 
membership degree of element x to fuzzy set A. Value 
𝜇𝐴(𝑥) = 0 denotes that element x does not belong to the set 
A, while 𝜇𝐴(𝑥) = 1 denotes that element x belongs to the 
set A. Universe X is almost always the set of real numbers. 

1 

0 
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Definition 2 The set 𝑥 ∈ 𝑋 | 𝜇𝐴 > 0 is called the support 
of A (supp(A)) and the set {𝑥 ∈ 𝑋 | 𝜇𝐴 = 1} is called its 
kernel (ker(A)) [5] 

 

B. Fuzzy ordering calculation 
In 2008, fuzzy orderings were proposed by Bodenhofer 

in [6]. Here we recall some basic definitions used in our 
research; for a more extensive description see [6].  

 
Definition 3 Consider a fuzzy equivalence relation, T-

equivalence 𝐸: 𝑋2 → [0,1] and a direct fuzzification,  
T-E-ordering 𝐿: 𝑋2 → [0,1]. Then, for given fuzzy set 
 𝐴 ∈ ℱ(𝑋), where ℱ(𝑋) is a fuzzy superset of X. The fuzzy 
sets ‘at least A’ and ‘at most A’ (with respect to L), 
abbreviated ATL(A) and ATM(A), respectively, are defined 
as follow (for all 𝑥 ∈ 𝑋): 

 

𝐴𝑇𝐿(𝐴)(𝑥) = {𝑇(𝐴(𝑦), 𝐿(𝑦, 𝑥))| 𝑦 ∈ 𝑋} (1) 
𝐴𝑇𝑀(𝐴)(𝑥) = {𝑇(𝐴(𝑦), 𝐿(𝑥, 𝑦))|𝑦 ∈ 𝑋} (2) 

 

ATL(A) is the smallest fuzzy superset of A that has a non-
decreasing membership function with respect to L, while 
ATM(A) is the smallest fuzzy superset of A that has a non-
increasing membership function with respect to L.  

When L is a crisp ordering, the notations LTR(A) and 
RTL(A) are used instead of ATL(A) and ATM(A), 
respectively.  LTR(A) stands for left-to-right closure and 
RTL(A) stands for right-to-left closure. The operator ≼ is 
referred to crisp ordering. 

 

 

First we describe a well-known ordering procedure for 
real intervals. 

 

[𝑎, 𝑏] ≤𝐼 [𝑐, 𝑑] ⟺ 𝑎 ≤ 𝑐 ∧ 𝑏 ≤ d (5) 
  

Equation (5) states that the only case that yields “true” or 
1 value is 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑. The inequality 
 𝑎 ≤ 𝑐 means that there are no elements of set [c, d] that are 
below the entire interval [a, b] and the inequality  
𝑏 ≤ 𝑑 means that there are no elements of [a, b] that are 
completely above [c, d]. Equation (5) can be generalized to 
arbitrary crisp subsets of an ordered set (𝑥,≼) as follow: 

 
𝑀 ≼𝐼 𝑁 ⟺ ((∀𝑥 ∈ 𝑁)(∃𝑦 ∈ 𝑀)𝑦 ≼ 𝑥)  

∧  ((∀𝑥 ∈ 𝑀)(∃𝑦 ∈ 𝑁)𝑥 ≼ 𝑦) 
(6) 

 
By using the operators LTR and RTL, and considering a 

crisp ordering ≼ on X, the following equivalences that hold 
for all 𝑀,𝑁 ⊆ 𝑋 are proved. 

 
𝐿𝑇𝑅(𝑀) ⊇ 𝐿𝑇𝑅(𝑁) ⟺ (∀𝑥 ∈ 𝑁)(∃𝑦 ∈ 𝑁) 𝑦 ≼ 𝑥 (7) 
𝑅𝐿𝑇(𝑀) ⊆ 𝑅𝑇𝐿(𝑁) ⟺ (∀𝑥 ∈ 𝑀)(∃𝑦 ∈ 𝑁) 𝑥 ≼ 𝑦 (8) 
 
Since the operators LTR and RTL can be applied for 

fuzzy sets, an ordering of fuzzy sets 𝐴, 𝐵 ∈ ℱ(𝑋) with 
respect to crisp ordering ≼ is generalized as: 

 
𝐴 ≼𝐼 𝐵 ⟺ (𝐿𝑇𝑅(𝐴) ⊇ 𝐿𝑇𝑅(𝐵) ∧  𝑅𝑇𝐿(𝐴) ⊆ 𝑅𝑇𝐿(𝐵)) (9) 

The inclusion 𝐿𝑇𝑅(𝐴) ⊇ 𝐿𝑇𝑅(𝐵) means that the left 
flank of A is to the left of the left flank of B while 
𝑅𝑇𝐿(𝐴) ⊆ 𝑅𝑇𝐿(𝐵) means that the right flank of A is to the 
left of the right flank of B. 

Considering fuzzy orderings above, the fuzzy ordering 
calculation can be determined by considering horizontal 
positions of comparing fuzzy sets. If the assertion (9) is 
fulfilled in both conditions, the fuzzy ordering value is  
true or 1. Otherwise, the operation returns false or 0.  Figure 
2 shows the comparison of fuzzy sets that yields value 1. 

 

Figure 2. Comparison of fuzzy sets that satisfy (2) 
 
From assertion (9) can be concluded that if only one 

condition is satisfied, it means that fuzzy sets cannot be 
compared - incomparable case. In this case, the fuzzy 
ordering operation will return incomparable or 0.5. Figure 
3 shows the incomparable fuzzy sets.  

 

 
Figure 3. Incomparable fuzzy sets 

 
Another incomparable case is the comparison of fuzzy 

sets having different heights. However, Skrbic and 
Rackovic proposed an idea to eliminate this problem in [5]. 
Fuzzy set 𝐴′ is introduced as: 

 

𝜇𝐴′ = {
1, 𝜇𝐴(𝑥) = ℎ(𝐴)

𝜇𝐴(𝑥), 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

(10) 

 
In this way, fuzzy relational operator ≤𝐹 is introduced 

by: 
𝐴 ≤𝐹 𝐵 ⟺ 𝐴′ ≤𝐹

′ 𝐵′ (11) 
 

𝐿𝑇𝑅(𝐴)(𝑥) = {𝐴(𝑦)| 𝑦 ∈ 𝑋 ∧  𝑦 ≼ 𝑥} (3) 
𝑅𝑇𝐿(𝐴)(𝑥) = {𝐴(𝑦)| 𝑦 ∈ 𝑋 ∧  𝑥 ≼ 𝑦} (4) 

A B 

A B 
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Definition 4 Let A and B be two fuzzy sets over universe 
X. Order ≤𝐹 ′ over the set of all fuzzy sets over universe X, 
ℱ(𝑋) is defined by: 

 
𝐴 ≤𝐹

′ 𝐵 ⟺ (𝐿𝑇𝑅(𝐵) ⊆ 𝐿𝑇𝑅(𝐴)  ∧  𝑅𝑇𝐿(𝐴) ⊆ 𝑅𝑇𝐿(𝐵)) (12) 
 
In the same way as with operators < and > on crisp 

domain, other relational operators, like <𝐹 and >𝐹 can be 
derived using the ≤𝐹 order. 

 

C. Algorithm 
As mentioned before, we consider five types of fuzzy set. 

Each type has different attributes that depict its properties. 
For example, a triangle fuzzy number contains three 
attributes (LeftOffset, Maximum and RightOffset). The 
LeftOffset refers to the beginning location of the support 
(supp in Definition 2) of fuzzy set (LeftOffset, 0). The 
Maximum refers to a location of its kernel (Maximum, 1) 
and the RightOffset refers to the end location of the support 
of fuzzy set (RightOffset, 0). Table I shows attributes for 
each type of characteristic function. 

Attributes of fuzzy sets are used to calculate fuzzy 
relational operator values. Comparing two fuzzy sets, A  
and B, focuses on beginning, maximum and ending 
locations of A and B. For example, in Figure 1, two triangle 
fuzzy sets, A and B, are compared by operator <, the 
algorithm starts from comparing the Maximum attributes. If 
MaximumA is greater than MaximumB, the result is 0 and the 
process ends. If not, the LeftOffset attributes will be 
compared. If LeftOffsetA is not greater than LeftOffsetB, the 
process is still going onto compare RightOffset. If 
RightOffsetA is greater than RightOffsetB, the result value is 
0.5 (incomparable). If not, the result value is 1 (true). If 
LeftOffsetA is greater than LeftOffsetB, RightOffsetA and 
RightOffsetB are compared. If RightOffsetA is greater than 
RightOffsetB then the result value is 0 (false), otherwise, the 
result value is 0.5 (incomparable). The algorithm for 
comparing two triangle fuzzy sets is shown in Listing 1. 

TABLE I. 
ATTRIBUTES OF EACH CHARACTERISTIC FUNCTION 

Characteristic function Attributes  
(𝑨,𝝁𝑨) 

Abbreviation 

Triangle fuzzy number 
LeftOffset (𝐴, 0) T-LO 
Maximum (𝐴, 1) T-MX 

RightOffset (𝐴, 0) T-RO 

Trapezoidal fuzzy 
number 

LeftOffset (𝐴, 0) TR-LO 
LeftMaximum (𝐴, 1) TR-LMX 

RightMaximum (𝐴, 1) TR-RMX 
RightOffset (𝐴, 0) TR-RO 

Right shoulder 
ZeroPoint (𝐴, 0) S-ZP 
Maximum (∞,1) S-MX 

Left shoulder 
Maximum (0, 1) S-MX 
ZeroPoint (𝐴, 0) S-ZP 

Interval 
LeftMaximum (𝐴, 1) I-LMX 

RightMaximum (𝐴, 1) I-RMX 

Crip value 
X (𝐴) C-X 

Y ( 𝜇𝐴) C-Y 

 

D. Crisp value 
Unlike other fuzzy sets, the crisp value is a paired-

value (𝐴, 𝜇𝐴). A comparison between crisp value and other 
fuzzy sets needs a special method.  

For a relational operation between crisp value and 
another fuzzy set, we compare the value of attribute X of 
crisp value and boundary values of the compared fuzzy  
set. If a value X is less than the lower bound of the 
compared fuzzy set, the fuzzy ordering value is 1. If a  
value X is inside the boundary, the result value is 0.5. 
Otherwise, the result value is 0. 

Comparing between crisp values is done in the same 
manner. For ordering between crisp values, A and B, 
following applies, if value XA is not greater than value XB, 
the result is 1. Otherwise the result is 0. 

 
Listing 1. Algorithm for calculating fuzzy ordering between a triangle 

fuzzy number and another triangle fuzzy number. 
 
Algorithm IsLessThan (FuzzyTriangle A, FuzzyTriangle B) 
01. Compare MaximumA and MaximumB 
02. If MaximumA greater than MaximumB 
03.     Result is 0 
04. Else 
05.     Compare LeftOffsetA and LeftOffsetB 
06.     If LeftOffsetA not greater than LeftOffsetB 
07.         Compare RightOffsetA and RightOffsetB 
08.         If RightOffsetA greater than RightOffsetB 
09.             Result is 0.5 
10.         Else 
11.             Result is 1 
12.         End if 
13.     Else  
18.         Compare RightOffsetA and RightOffsetB 
19.         If RightOffsetA greater than RightOffsetB 
20.             Result is 0 
21.         Else 
22.             Result is 0.5 
23.         End if 
23.     End if 
24. End if 
 
 

III. IMPLEMENTATION 
To support our ideas, we developed the application that 

has two functions: manual fuzzy ordering testing and 
random fuzzy ordering testing. The manual testing function 
is used for a single test. In this case, the user can specify 
types of fuzzy sets and their attributes. When the process is 
done, the application shows an image of specified fuzzy 
sets and their fuzzy ordering value. Figure 4 illustrates the 
user interface for the manual testing function. The random 
testing function randomly generates comparison cases. In 
this function, the user can indicate types of fuzzy sets, 
number of generated cases, and boundary values. Figure 5 
shows the user interface of the random testing function. 

This application was developed on Java platform with 
the use of PostgreSQL to store fuzzy set attributes and cases 
of the random testing function. 
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Figure 4. User interface of manual testing function 

 
 

 
Figure 5. User interface of automated random testing function 

 

IV. TESTING RESULTS 
To prove the reliability of our proposed algorithms, some 

fuzzy ordering cases are generated randomly using random 
fuzzy ordering testing function of our application. As 
mentioned above, this paper considers five types of fuzzy 
sets. To cover all types of comparisons, each characteristic 
function is compared with the other four types including 
itself. Since there are two types of fuzzy shoulder, there are 
36 comparison pairs. For a better variety in the comparison, 
the number of generated cases is set to be 10. Consequently, 
each pair has 10 cases of fuzzy ordering testing. Totally, 
there are 360 fuzzy ordering cases in our experimental 
results. The generated fuzzy sets are forced to position 
inside a boundary that is specified by the user. If the 
boundary is too wide, the fuzzy sets can be positioned too 
far from each other and have no incomparable cases. To 
avoid this problem, the lower bound and the upper bound 
are set to be 10 and 20, respectively. For the sake of brevity, 
some selected comparison cases between fuzzy triangle and 
other types are represented in Table II. 

 

TABLE II. 
A COMPARISONS BETWEEN FUZZY TRIANGLE AND OTHER TYPES  

Case 
No. 

Type of fuzzy set A Type of fuzzy set B Result 
Attributes Value Attributes Value 

1 Fuzzy triangle Fuzzy triangle 1 

 

T-LOA 13 T-ROB 15 

 

T-MXA 14 T-MXB 17 
T-ROA 16 T-ROB 18 

 

 
 
 

2 Fuzzy triangle Fuzzy triangle 0.5 

 

T-LOA 16 T-ROB 13 

 

T-MXA 17 T-MXB 18 
T-ROA 18 T-ROB 19 

 

 
 
 

3 Fuzzy triangle Fuzzy triangle 0 

 

T-LOA 12 T-ROB 10 

 

T-MXA 18 T-MXB 13 
T-ROA 19 T-ROB 14 

 
 

 
 
 

4 Fuzzy triangle Fuzzy trapezoidal 1 

 

T-LOA 12 TR-LOB 14 

 

T-MXA 14 TR-LMXB 16 
T-ROA 18 TR-RMXB 18 

 TR-ROB 19 
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5 Fuzzy triangle Fuzzy trapezoidal 0.5 

 

T-LOA 16 TR-LOB 14 

 

T-MXA 17 TR-LMXB 17 
T-ROA 19 TR-RMXB 18 

 TR-ROB 19 
 
 

 
 
 

6 Fuzzy triangle Fuzzy trapezoidal 0 

 

T-LOA 17 TR-LOB 11 

 

T-MXA 18 TR-LMXB 12 
T-ROA 19 TR-RMXB 14 

 TR-ROB 19 
 
 

 
 
 

7 Fuzzy triangle Right shoulder 1 

 

T-LOA 10 S-ZPB 10 

 

T-MXA 18 S-MXB 20 
T-ROA 19  

 
 

 
 
 

8 Fuzzy triangle Right shoulder 0.5 

 

T-LOA 16 S-ZPB 15 

 

T-MXA 18 S-MXB 20 
T-ROA 19  

 
 

 
 

 

9 Fuzzy triangle Left shoulder 0 

 

T-LOA 15 S-MXB 14 

 

T-MXA 17 S-ZPB 16 
T-ROA 18  

 
 

 
 
 

10 Fuzzy triangle Left shoulder 0.5 

 

T-LOA 12 S-MXB 17 

 

T-MXA 15 S-ZPB 18 
T-ROA 18  

 
 

 
 
 

11 Fuzzy triangle Interval 1 

 

T-LOA 13 I-LMXB 17 

 

T-MXA 16 I-RMXB 18 
T-ROA 18  

 
 

 
 

 
12 Fuzzy triangle Interval 0.5 

 

T-LOA 10 I-LMXB 13 

 

T-MXA 14 I-RMXB 19 
T-ROA 19  
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13 Fuzzy triangle Interval 0 

 

T-LOA 13 I-LMXB 16 

 

T-MXA 18 I-RMXB 18 
T-ROA 19  

  
 

 

 

 
14 Fuzzy triangle Crisp value 0 

 

T-LOA 17 C-X 15 

 

T-MXA 18 C-Y 0.595 
T-ROA 19  

 
 

 
 

 
15 Fuzzy triangle Crisp value 0.5 

 

T-LOA 14 C-X 15 

 

T-MXA 18 C-Y 0.819 
T-ROA 19  

 
 

 
 

 
 

16 Fuzzy triangle Crisp value 1 

 

T-LOA 10 C-X 18 

 

T-MXA 12 C-Y 0.143 
T-ROA 15  

 

 
 

V.   CONCLUSION 
This paper proposes the algorithm for binary fuzzy 

relational operators, which can be used to compare two 
fuzzy sets. Algorithms used to calculate fuzzy relational 
operator values are introduced. We developed an 
application that provides GUI and fuzzy relational operator 
calculations to prove the reliability of our algorithms. The 
testing results are generated randomly by this application. 
The results show that various comparisons are proved to be 
calculated correctly by our implementation. The proposed 
algorithms for fuzzy ordering will be used in FXI to enable 
comparison of two fuzzy sets. 

Future research in this direction will tackle problems 
related to the implementation of aggregate functions, like 
MIN MAX, and SUM, using the proposed algorithms in 
FXI. 
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